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E

ditor's
C

om
m

ent

in
sculpture, painting, architecture, ornam

ent and design; its m
anifesta-

tions in organic and inorganic nature; its philosophical and m
athem

atical
significance. Sym

m
etry establishes a ridiculous and w

onderful cousinship
betw

een objects, phenom
ena and theories outw

ardly unrelated: terrestrial
m

agnetism
, w

om
en's veils, polarized light, natural selection, the theory of

groups, invariants and transform
ations, the w

ork habits of bees in the
hive, the structure of space, vase designs, quantum

 physics, scarabs,
flow

er petals, X
-ray interference patterns, cell division in

sea urchins,
equilibrium

 positions of crystals, R
om

anesque cathedrals,
snow

flakes,
m

usic, the theory of relativity. T
he structure of these relationships is

depicted by W
eyl in a rem

arkable sw
eep. T

he style is not alw
ays

easy;
neither is the subject. N

evertheless the book affords an entry into
a pro-

found and fascinating subject w
hich dem

onstrates, perhaps uniquely,
the

w
orking of the m

athem
atical intellect, the evolution of intuitive

concepts
into grand system

s of abstract ideas. I have selected the first tw
o of the

lectures—
on bilateral and related sym

m
etries; I w

as tem
pted to give the

entire series. Y
ou w

ill discover w
ithin a few

 pages w
hy it

w
as so hard to

resist the inclination.

9
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IF I am
 not m

istaken the w
ord sym

m
etry is used in

our everyday language
in tw

o m
eanings. In the one sense sym

m
etric

m
eans som

ething like w
ell-

proportioned, w
ell-balanced, and sym

m
etry denotes that sort of concord-

ance of several parts by w
hich they integrate into a w

hole. B
eauty is

bound up w
ith sym

m
etry. T

hus Polykleitos, w
ho w

rote
a book on propor-

tion and w
hom

 the ancients praised for the harm
onious perfection of his

sculptures, uses the w
ord, and D

ürer follow
s him

 in setting dow
n

a canon
of proportions for the hum

an figure.' In this
sense the idea is by no m

eans
restricted to spatial objects; the synonym

 "harm
ony" points

m
ore tow

ard
its acoustical and m

usical than its geom
etric applications. E

benm
ass is

a
good G

erm
an equivalent for the G

reek sym
m

etry; for like this it carries
also the connotation of "m

iddle m
easure," the

m
ean tow

ard w
hich the

virtuous should strive in their actions according to A
ristotle's N

ico-
m

achean E
thics, and w

hich G
alen in D

e tern
peram

entis
describes as that

state of m
ind w

hich is equally rem
oved from

 both extrem
es: o-v'41.qzerpov

oir€p K
T

pO
v

r6iV
 w

(pow
E

iT
€X

€1.

T
he

im
age of the balance provides a natural link to the second

sense in
w

hich the w
ord sym

m
etry is used in m

odern tim
es: bilateral

sym
m

etry,
the sym

m
etry of left and right, w

hich is
so conspicuous in the structure

of the higher anim
als, especially the hum

an body. N
ow

 this bilateral
sym

-
m

etry is a strictly geom
etric and, in contrast to the vague notion of

sym
m

etry discussed before, an absolutely precise concept. A
 body, a

spatial configuration, is sym
m

etric w
ith respect to

a given plane E
 if it is

•
W

hat im
m

ortal hand or eye,
D

are fram
e thy fear/ui sym

m
etry?

—
W

IL
L

IA
M

 B
L

A
K

E

1 D
ürer,

V
ier B

ucher von m
enschlicher Proportion, 1528.

T
o

be exact, D
ürer him

-
self does not use the w

ord sym
m

etry, but the "authorized" L
atin translation by his

friend Joachjm
 C

am
erarius (1532) bears the title D

e svm
m

etria parrium
. T

o Poly-
kleitos the statem

ent is ascribed (€,I eX
on-o1p,

tv,
2) that "the em

ploym
ent of

a great m
any num

bers w
ould alm

ost engender correctness in sculpture." See also
H

erbert Senk, A
u sujet de l'expression

ovaze1-pia dans D
iodore

i,
98,

5—
9,

in
C

hronique d'E
gypte 26 (1951), pp. 63—

66. V
itruvius defines: "Sym

m
etry results from

proportion
.

.
.

P
roportion

is the com
m

ensuration of the various constituent parts
w

ith the w
hole." For a m

ore elaborate m
odern attem

pt in the
sam

e direction see
G

eorge D
avid B

irkhoff, A
esthetic

m
easure, C

am
bridge, M

ass., H
arvard U

niversity
Press, 1933, and the lectures by the sam

e author on "A
 m

athem
atical theory of

aesthetics and its applications to poetry and m
usic," R

ice Institute Pam
phlet, V

ol. 19
(July, 1932), pp. 189—

342.
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carried into itself by reflection in E
. T

ake any line
1 perpendicular to E

and any point p on I:
there exists one and only one point p' O

 I w
hich

has the sam
e distance from

 F hut lies on the other side. T
he point p'

coincides w
ith p only if p is on F. R

eflection in E
 is that m

apping of space

E

FIG
U

R
E

 1—
R

eflection in S.

upon itself, S: p —
p',

that carries the arbitrary point p into this
its

m
irror im

age p' w
ith respect to E

. A
 m

apping is defined w
henever a rule

is established by w
hich every point p is associated w

ith an im
age p'. A

n-
other exam

ple: a rotation around a perpendicular axis, say by 300, carries
each point p of space into a point p' and thus defines a m

apping. A
 figure

has rotational sym
m

etry around an axis I if it is carried into itself by all
rotations around 1. B

ilateral sym
m

etry appears thus as the first case of a
geom

etric concept of sym
m

etry that refers to such operations as reflections
or rotations. B

ecause of their com
plete rotational sym

m
etry, the circle in

the plane, the sphere in space w
ere considered by the Pythagoreans the

m
ost perfect geom

etric figures, and A
ristotle ascribed spherical shape to

the celestial bodies because any other w
ould detract from

 their heavenly
perfection. It is in this tradition that a m

odern poet 2 addresses the D
ivine

B
eing as "T

hou great sym
m

etry":

bilateral sym
m

etry in som
e

detail and its role in art as
w

ell as organic and inorganic
nature. T

hen w
e shall gener-

alize this concept gradually, in
the direction indicated by our
exam

ple of rotational sym
-

m
etry, first staying w

ithin the
confines of geom

etry, but then
going

beyond
these

lim
its

through the process of m
athe-

m
atical abstraction along a

road that w
ill finally lead us

to
a

m
athem

atical idea
of

great generality, the Platonic
idea as it w

ere behind all the
special appearances and ap-
plications of sym

m
etry. T

o a
certain degree this schem

e is
typical for all theoretic know

l-
edge: W

e begin w
ith som

e
general but vague principle
(sym

m
etry in the first sense),

then find an im
portant case

w
here w

e can give that no-
tion a concrete precise m

ean-
ing (bilateral sym

m
etry), and

from
 that case w

e gradually
rise again to generality, guided
m

ore by m
athem

atical con-
struction and abstraction than
by the m

irages of philosophy;
and if w

e are lucky w
e end up

w
ith an idea no less universal

than the one from
 w

hich w
e

started. G
one m

ay be m
uch

of its em
otional appeal, but it

has the sam
e or even greater

unifying pow
er in the realm

of thought and is exact in-
stead of vague.

I open the discussion on bi-
lateral sym

m
etry by using this

pa
p

G
od, T

hou great sym
m

etry,
W

ho put a biting lust in m
e

From
 w

hence
m

y sorrow
s

spring,
For ciii the fritterer! days
T

hat I have spent in shapeless w
ays

G
ive inc one perfect thing.

Sym
m

etry, as w
ide or as narrow

 as you m
ay define its m

eaning, is one
idea by w

hich m
an through the ages has tried to com

prehend and create
order, beauty, and perfection.

T
he course these lectures w

ill take is as follow
s.2 First I w

ill discuss
A

nna \V
ickham

. "E
nvoi,

from
 7/ic

(onle/np/ahiie
(jiiarri',

1-larcourt,
B

race
and

C
o., 1921.

T
he first tw

o lectures are given here. L
ecture 3 deals w

ith ornam
ental sym

m
etry,

L
ecture 4 w

ith crystals and the general m
athem

atical idea of sym
m

etry. in.
FIG

U
R

E
 2
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noble G
reek sculpture from

 the fourth century
B

.C
.,

the
statue of a praying

boy (Figure 2), to let you feel
as in a sym

bol the great significance of this
type of sym

m
etry both for life and art. O

ne
m

ay ask w
hether the aesthetic

value of sym
m

etry depends on its vital value: D
id the

artist discover the
sym

m
etry w

ith w
hich nature according to som

e inherent law
has endow

ed
its creatures, and then copied and perfected w

hat
nature presented but in

im
perfect realizations; or has the aesthetic value of

sym
m

etry an inde-
pendent source? I am

 inclined to think w
ith Plato that

the m
athem

atical
idea is the com

m
on origin of both: the

m
athem

atical law
s governing

nature are the origin of sym
m

etry in
nature, the intuitive realization of the

idea in the creative artist's m
ind its origin in

art; although I am
 ready to

adm
it that in the arts the fact of the bilateral

sym
m

etry of the hum
an

body in its outw
ard appearance has acted

as an additional stim
ulus.

O
f all ancient peoples the Sum

erians
seem

 to have been particularly
fond of strict bilateral or heraldic

sym
m

etry. A
 typical design on the

fam
ous silver vase of K

ing E
ntem

ena, w
ho ruled in

the city of L
agash

around 2700 B
.C

.,
show

s
a lion-headed eagle w

ith spread w
ings en face,

each of w
hose claw

s grips a stag in side
view

, w
hich in its turn is frontally

FIG
U

R
E
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attacked by a lion (the stags in the upper design
are replaced by goats in

the low
er) (Figure 3). E

xtension of the exact sym
m

etry of the eagle
to

the other beasts obviously enforces their duplication. N
ot m

uch later the
eagle is given tw

o heads facing in either direction, the form
al principle

of sym
m

etry thus com
pletely overw

helm
ing the im

itative principle of truth
to nature. T

his heraldic design can then be follow
ed to Persia, Syria, later

to B
yzantium

, and anyone w
ho lived before the First W

orld W
ar w

ill
rem

em
ber the double-headed eagle in the coats-of-arm

s of C
zarist R

ussia
and the A

ustro-H
ungarian m

onarchy.
L

ook now
 at this Sum

erian picture (Figure 4). T
he tw

o eagle-headed
m

en are nearly but not quite sym
m

etric; w
hy not? In plane geom

etry re-
flection in a vertical line I can also be brought about by rotating the plane
in space around the axis I by 180°. If

you look at their arm
s you w

ould
say these tw

o m
onsters arise from

 each other by such rotation; the over-
lappings depicting their position in space prevent the plane picture from
having bilaterial sym

m
etry. Y

et the artist aim
ed at that sym

m
etry by

giving both figures a half turn tow
ard the observer and also by the

arrangem
ent of feet and w

ings: the drooping w
ing is the right one in the

left figure. the left one in the right figure.
T

he designs on the cylindrical B
abylonian seal stones

are frequently
ruled by heraldic sym

m
etry. I rem

em
ber seeing in the collection of

m
y

fum
ier colleague, the late E

rnst H
erzteld, sam

ples w
here for sym

m
etry's

sake not the head, hut the low
er bull-shaped part of

a god's body, rendered
in profile, w

as doubled and given four instead of
tw

o hind legs.
T

n

C
hristian tim

es one m
ay see an analogy in certain representations of

the
E

ucharist as on this B
yzantine platen (Figure 5). w

here tw
o sym

m
etric

FIG
U

R
E

 4
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Christs are facing the disciples. But here symmetry is not complete and
has clearly more than formal significance, for Christ on one side breaks
the bread, on the other pours the wine.

Between Sumeria and Byzantium let me insert Persia: These enameled
sphinxes (Figure 6) are from Darius' palace in Susa built in the days of
Marathon. Crossing the Aegean we find these floor patterns (Figure 7)
at the Megaron in Tiryns, late helladic about 1200 B.C. Who believes
strongly in historic continuity and dependence will trace the graceful
designs of marine life, dolphin and octopus, back to the Minoan culture
of Crete, the heraldic symmetry to oriental, in the last instance Sumerian,
influence. Skipping thousands of years we still see the same influences at
work in this plaque (Figure 8) from the altar enclosure in the dome of
Torcello, Italy, eleventh century AD. The peacocks drinking from a pine
well among vine leaves are an ancient Christian symbol of immortality,
the structural heraldic symmetry is oriental.

For in contrast to the orient, occidental art, like life itself, is inclined
to mitigate, to loosen, to modify, even to break strict symmetry. But
seldom is asymmetry merely the absence of symmetry. Even in asym-
metric designs one feels symmetry as the norm from which one deviates
under the influence of forces of non-formal character. I think the riders

FIGURE

from the famous Etruscan fomb of the Triclinium at Corneto (Figure 9)
provide a good example. I have already mentioned representations of the
Eucharist with Christ duplicated handiny out bread and v inc. fhc central
group, Mary flanked by two antels. in this mosaic of the I ord's Ascension

Figure I ) in the cathedral at Monreale, Sicily ( tsscllth century), has
almost perfect symmetry. I'he hand ornaments above and below the
mosaic will demand our attention in the second lecturc.I The principle of
symmetry is somewhat less strictly observed in an earlier mosaic from San
Apollinare in Ravcnna I Figure 10), showiiii Christ surrounded by an
angelic guard of honor. For instance Mary in the Monreale mosaic raises

FIGURE 5 hoth hands symmetrically, in the oranv gesttire: here only the right hands

FIGURE 6
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are raised. Asymmetry has made further inroads in the next picture
(Figure 11), a Byzantine relief ikon from San Marco, Venice. It is a

Deësis, and, of course, the two figures praying for mercy as the Lord
is about to pronounce the last judgment cannot be mirror images of each
other; for to the right stands his Virgin Mother, to the left John the
Baptist. You may also think of Mary and John the Evangelist on both
sides of the cross in crucifixions as examples of broken symmetry.

Clearly we touch ground here where the precise geometric notion of
bilateral symmetry begins to dissolve into the vague notion of .'1usge-
wogenheit, balanced design with which we started. "Symmetry," says
Dagobert Frey in an article On the Problem of Sym,netry in Art,4
"signifies rest and binding, asymmetry motion and loosening, the one
order and law, the other arbitrariness and accident, the one formal rigidity
and constraint, the other life, play and freedom." Wherever God or Christ
are represented as symbols for everlasting truth or justice they are given
in the symmetric frontal view, not in profile. Probably for similar reasons
public buildings and houses of worship, whether they are Greek temples
or Christian hasilicas and cathedrals, are bilaterally symmetric. It is, how-

1 Studium Generale, p. 276.

ever, true that not infrequently the two towers of Gothic cathedrals are
different, as for instance in Chartres. But in practically every case this
seems to be due to the history of the cathcdral, namely to the fact that the
towers were built in different periods. It is understandable that a later
time was no longer satisfied with the design of an earlier period hence
one may speak here of historic asymmetry. Mirror images occur where
there is a mirror, be it a lake reflecting a landscape or a glass mirror into
which a woman looks. Nature as well as painters make use of this motif.
I trust, examples will easily come to your mind. The one most familiar to
me, because I look at it in my study every day, is Hodler's Lake of Silva-
plan a.

While we are about to turn from art to nature, let us tarry a few minutes
and first consider what one may call the mathematical philosophy of left
and richt. To the scientific mind there is no inner difference, no polarity
hetween left and right, as there is for instance in the contrast of male and
female, or of the anterior and posterior ends of an animal. It requires an
arhitrary act of choice to determine what is left and what is right. But
after it is made for one body it is determined for every body. I must try
to make this a little clearer. In space the distinction of left and right con-
cerns the orientation of a screw. If you speak of turning left you mean
that the sense in which you turn combined with the upward direction from
foot to head of your body forms a left screw. The daily rotation of the
earth together with the direction of its axis from South to North Pole is

N

'1

FIGURE

FIGURE 9
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plane of polarized light sent through them either to the left or to the righL
by this, of course, we mean that the sense in which the plane rotates
while the light travels in a definite direction, combined with that direction,
forms a left screw (or a right one, as the case may he). Hence when we
said above and now repeat in a terminology due to Leihniz, that left and
right are indiscernible, we want to express that the inner structure of space
does not permit us, except by arbitrary choice, to distinguish a left from
a right screw.

I wish to make this fundamental notion still more precise, for on it de-
pends the entire theory of relativity, which is but another aspect of sym-
metry. According to Euclid one cn describe the structure oi space by a
number of basic relations between points, such as ABC lie on a straight
line. ABCD lie in a plane, AB is congruent CD. Perhaps the best way of
describing the structure of space is the one Helmholtz adopted: by the

FIGURE 12

FIGURE 10

FIGURE II

a left screw, it is a right screw if YOU give the ax is the Opposite direction.
There are certain crystalline substances called optically active which be-
tray the inner asymmetry of their constitution hy turning the polarization
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single notion of congruence
of

figures. A
 m

apping S of space associates
w

ith every point p a point p' : p --
p'.

A
 pair of m

appings S, S'
: p —

—
 p,

of w
hich the one is the inverse of the other, so that if S carries p

into p' then 5' carries p' back into p and vice versa, is spoken of as a pair

)Y
Y

7
of one-to-one m

appings or transform
ations. A

 transform
ation w

hich
pre-

serves the structure of space—
and if w

e define this structure in the H
elm

-
holtz w

ay, that w
ould m

ean that it carries any tw
o congruent figures into

tw
o congruent ones—

is called an autom
orphism

 by the m
athem

aticians.
L

cibniz recognized that this is the idea underlying the geom
etric concept

of sim
ilarity. A

n autom
orphism

 carries a figure into one that in L
eibniz'

w
ords is "indiscernible from

 it if each of the tw
o figures is considered by

itself." W
hat w

e m
ean then by stating that left and right are of the sam

e
essence is the

fact that reflection in a plane is an autom
orphism

.
Space as such is studied by geom

etry. B
ut space is also the m

edium
 of

all physical occurrences. T
he structure of the physical w

orld is revealed
by the general law

s of nature. T
hey are form

ulated in term
s of certdin

basic quantities w
hich are functions in space and tim

e. W
e w

ould
con-

clude that the physical structure of space "contains a screw
," to

use a

F
IG

IJR
E

 14

suggestive figure of speech, if these law
s

w
ere not invariant throughout

w
ith respect to reflection. E

rnst M
ach tells

of the intellectual shock he
re-

ceived w
hen he learned

as a boy that a m
agnetic needle is deflected in

a
certain sense, to the left or to the right,

if suspended parallel to
a w

ire
through w

hich an electric current is
sent in a definite direction (Figure

14). Since the w
hole geom

etric and physical configuration,
including the

electric current and the south and north poles
of the m

agnetic needle,to
all appearances, are sym

m
etric w

ith
respect to the plane E

 laid through
the w

ire and the needle, the needle should
react like B

uridan's ass betw
een

equal bundles of hay and refuse
to decide betw

een left and right, just
as

scales of equal arm
s w

ith equal w
eights

neither go dow
n on their left

nor
on their right side hut stay horizontal. B

ut
appearances are som

etim
es

deceptive. Y
oung M

ach's dilem
m

a
w

as the result of a too hasty assum
p

tion concerning the effect of reflection
in E

 on the electric current and
the positive and negative m

agnetic poles
of the needle: w

hile w
e know

a
priori how

 geom
etric entities fare

under reflection, w
e have to learn from

nature how
 the physical quantities behave.

A
nd this

is w
hat w

e find:
under reflection in the plane E

 the electric
current preserves its direction,

but the m
agnetic south and north

poles are interchanged. O
f course this

w
ay out, w

hich re-establishes the equivalence of left and
right, is possible

only because of the essential equality of
positive and negative m

agnetism
.

A
ll doubts w

ere dispelled w
hen

one found that the m
agnetism

 of the
needle has its origin in m

olecular electric
currents circulating around the

needle's direction; it
is clear that under reflection in the plane

E
 such

currents change the sense in w
hich they flow

.
T

he net result is that in all physics
nothing has show

n up indicating
an intrinsic difference of left and right. Just

as all points and all directions
in space are equivalent,

so are left and right. Position, direction, left and
right are relative concepts. In

language tinged w
ith theology this issue of

relativity w
as discussed at great length in

a fam
ous controversy betw

een
L

eihniz and C
larke, the latter

a clergym
an acting as the spokesm

an for
N

cw
ton. N

ew
ton w

ith his belief in
absolute space and tim

e considers
m

otion a proof of the creation of the
w

orld out of G
od's arbitrary w

ill.
for otherw

ise it w
ould he inexplicable w

hy
m

atter m
oves in this rather

than in any other direction. L
eihniz is

loath to burden G
od w

ith such de-
cisions as lack "sufficient reason.' Says

he.
'U

nder the assum
ption that

space he som
ething in

itself
it

is im
possible to give

a reason w
hy G

od
should have put the bodies (w

ithout tam
pering

w
ith their m

utual distances
and relative positions) just at this particular

place and not som
ew

here
else: for instance, w

hy H
e should

not have arranged everything in the
opposite order by turning E

ast and W
est

about. If, on the other hand,
See

(1 W
. leibniz,

Fliilosopliisehe
S

c/intten, ccl. G
erhardt

B
erlin 1875 seq.), vu,

pp. 352-440. in particular Leibniz' third letter,
§ 5.

FIG
U

R
E
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space is nothing more than the spatial order and relation of things then
the two states supposed above, the actual one and its transposition, are
in no way different from each other . . . and therefore it is a quite in-
admissible question to ask why one state was preferred to the other." By
pondering the problem of left and right Kant was first led to his concep-
tion of space and time as forms of Kant's opinion seems to
have been this: If the first creative act of God had been the forming of
a left hand then this hand, even at the time when it could be compared
to nothing else, had the distinctive character of left, which can only in-

tuitively hut never conceptually be apprehended. Leibniz contradicts: Ac-
cording to him it would have made no difference if God had created a
"right" hand first rather than a "left" one. One must follow the world's
creation a step further before a difference can appear. Had God, rather
than making first a left and then a right hand, started with a right hand
and then formed another right hand, He would have changed the plan of
the universe not in the first but in the second act, by bringing forth a hand
which was equally rather than oppositely oriented to the first-created
specimen.

Scientific thinking sides with Leihniz. Mythical thinking has always
taken the contrary view as is evinced by its usage of right and left as
symbols for such polar opposites as good and evil. You need only think
of the double meaning of the word right itself. In this detail from Michel-
angelo's famous Creation of Adam from the Sistine Ceiling (Figure 15)
God's right hand, on the right, touches life into Adam's left.

People shake right hands. Sinister is the Latin word for left, and
heraldry still speaks of the left side of the shield as its sinister side. But
sinistrum is at the same time that which is evil, and in common English
only this figurative meaning of the Latin word survives.7 Of the two male-
factors who were crucified with Christ, the one who goes with Him to
paradise is on His right. St. Matthew, Chapter 25, describes the last judg-
ment as follows: "And he shall set the sheep on his right hand but the
goats on the left. Then shall the King say unto them on his right hand,
Come ye, blessed of my Father, inherit the Kingdom prepared for you
from the foundation of the world... Then he shall say also unto them
on the left hand, Depart from me. ye cursed, into everlasting fire, prepared

for the devil and his angels."
I remember a lecture Heinrich Wblfflin once delivered in Zurich on

"Right and left in paintings"; together with an article on "The problem of
inversion (Umkehrung) in Raphael's tapestry cartoons," you now find it
printed in abbreviated form in his Gedanhen zur Kunstgeschichte, 1941.

Besides his "Kritik der ieinen Vernunft" see especially § 13 of the Proleç'o,nena ZU
einer jeden kdnjtigen Meiaphvsik.

I am not unaware of the strange fact that as a terminus tech,ncus in the language
of the Roman augurs sinistruni had just the opposite meaning of propitious.

FIGURE I S

By a number of examples, as Raphael's Sistine Madonna and Rembrandt's
etching Landscape with the three trees, Wdlfflin tries to show that right in
painting has another Stimmung.swert than left. Practically all methods of
reproduction interchange left and right, and it seems that former times
were much less sensitive than we are toward such inversion. (Even Rem-
brandt did not hesitate to bring his Descent from the Cross as a converse
etching upon the market.) Considering that we do a lot more reading
than the people, say, of the sixteenth century, this suggests the hypothesis
that the difference pointed out by Wdfflin is connected with our habit of
reading from left to right. As far as I remember, he himself rejected this
as well as a number of other psychologicai explanations put forward in
the discussion after his lecture. The printed text concludes with the remark
that the problem "obviously has deep roots, roots which reach down to the
very loundations of our sensuou iiature.' for m pail am disinclined
to take the matter that seriously.

In science the belief in the equivalence or left aria right has been u seid
even in the face of certain biological fact;, presently to he mentioned which
seem to suggest their inequivalence even more strongly than does the de-
viation of the magnetic needle which shocked young Mach. The same

8 Cf. also A. Faistauei, ''I inks und rechtc in iJilde." Ainici',. lolir/nic/i ,Icr Pster—
reulioche,i ( aleru'. 926. p. 77; Julius . Schlo',str. ''Intor no :iIla dliii a dei quadri,''
('utica 28, 1930, p. 72; Paul Oppé. "Right and left in Raphael's cartoons,'' Journal 0/
the Worburv and ('ourtauld institutes 7, 1944, p. 8..
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problem
 of equivalence arises w

ith respect to past and future, w
hich are

interchanged by inverting the direction of tim
e, and w

ith respect to posi-
tive and negative electricity.-ln these cases, especially in the second, it is
perhaps clearer than for the pair left-right that a priori evidence is not
sufficient to settle the question; the em

pirical facts have to he consulted.
T

o be sure, the role w
hich past and future play in our consciousness

w
ould indicate their intrinsic difference—

the past know
able and unchange-

able, the future unknow
n and still alterable by decisions taken now

—
and

one w
ould expect that this difference has its basis in the physical law

s of
nature. B

ut those law
s of w

hich w
e can boast a reasonably certain know

l-
edge are invariant w

ith respect to the inversion of tim
e as they are w

ith
respect to the interchange of left and right. L

eibniz m
ade it clear that the

tem
poral m

odi past and future refer to the causal structure of the w
orld.

E
ven if

it
is true that the exact "w

ave law
s" form

ulated by quantum
physics are not altered by letting tim

e flow
 backw

ard, the m
etaphysical

idea of causation, and w
ith it the one w

ay character of tim
e, m

ay enter
physics through the statistical interpretation of those law

s in term
s of

probability and particles. O
ur present physical know

ledge leaves us even
m

ore uncertain about the equivalence or non-equivalence of positive and
negative electricity. It seem

s difficult to devise physical law
s in w

hich they
are not intrinsically alike; but the negative counterpart of the positively
charged proton still rem

ains to be discovered.
T

his half-philosophical excursion w
as needed as a background for the

discussion of the left-right sym
m

etry in nature; w
e had to understand that

the general organization of nature possesses that sym
m

etry. B
ut one w

ill
not expect that any special object of nature show

s it to perfection. E
ven

so, it is surprising to w
hat extent it prevails. T

here m
ust be a reason for

this, and it is not far to seek: a state of equilibrium
 is likely to be sym

-
m

etric. M
ore precisely, under conditions w

hich determ
ine a unique state

of equilibrium
 the sym

m
etry of the conditions m

ust carry over to the state
of equilibrium

. T
herefore tennis balls and stars are spheres: the earth

w
ould be a sphere too if

it did not rotate around an axis. T
he rotation

flattens it at the poles but the rotational or cylindrical sym
m

etry around
its axis is preserved. T

he feature that needs explanation is, therefore, not
the rotational sym

m
etry of its shape hut the deviations from

 this sym
-

m
etry as exhibited by the irregular distribution of land and w

ater and
by the m

inute crinkles of m
ountains on its surface. It is for such reasons

that in his m
onograph on the left-right problem

 in zoology W
ilhelm

 L
ud-

w
ig says hardly a w

ord about the origin of the bilateral sym
m

etry pre-
vailing in the anim

al kingdom
 from

 the echinoderm
s upw

ard, hut in great
detail discusses all sorts of secondary asym

m
etries superim

posed upon the
sym

m
etrical ground plan.9

I
quote: "T

he hum
an body like that of the

W
. L

udw
ig, R

ehtr-/inks-Probie,n irn
T

ierreich und bci,n M
enschen, B

erlin 1932.

other vertebrates is basically built bilateral-sym
m

etrically. A
ll asym

m
etries

occurring are of secondary character, and the m
ore im

portant ones affect-
ing the inner organs are chiefly conditioned by the necessity for the in-
testinal tube to increase its surface out of proportion to the grow

th of the
body, w

hich lengthening led to an asym
m

etric folding and rolling-up. A
nd

in the course of phylogenetic evolution these first asym
m

etries concerning
the intestinal system

 w
ith its appendant organs brought about asym

m
etries

in other organ system
s." It is w

ell know
n that the heart of m

am
m

als is
an

asym
m

etric screw
, as show

n by the schem
atic draw

ing of Figure 16.

If nature w
ere all law

fulness then every phenom
enon w

ould share the
full sym

m
etry of the universal law

s of nature as form
ulated by the theory

of relativity. T
he m

ere fact that this is not so proves that contingency is
an

essential feature of the w
orld. C

larke in his controversy w
ith L

eibniz ad-
m

itted the latter's principle of sufficient reason but added that the sufficient
reason often lies in the m

ere w
ill of G

od. I think, here L
eibniz the ration-

alist is definitely w
rong and C

larke on the right track. B
ut it w

ould have
been m

ore sincere to deny the principle of sufficient reason altogether
instead of m

aking G
od responsible for all that is unreason in the w

orld.
O

n the other hand L
eibniz w

as right against N
ew

ton and C
larke w

ith his
insight into the principle of relativity. T

he truth as w
e see it today is this:

T
he law

s of nature do not determ
ine uniquely the one w

orld that actually
exists, not even if one concedes that tw

o w
orlds arising from

 each other
by an autom

orphic transform
ation. i.e., by a transform

ation w
hich

pre-
serves the universal law

s ot nature, are to he considered the sam
e w

orld.
If for a lum

p of m
atter the overall sym

m
etry inherent in the law

s of
nature is lim

ited by nothing hut the accident of its position P then it w
ill

assum
e the form

 of a sphere around the center P. T
hus the low

est form
s

of anim
als, sm

all creatures suspended in w
ater, are m

ore or less spherical.
For form

s fixed to the bottom
 of the ocean the direction of gravity is an

im
portant lactor, narrow

ing the set of sym
m

etry operations from
 all rota-

FIG
U

R
E
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tions around the center P to all rotations about an axis. But for animals
capable of selt—niotion in water, air, or on land both the pust cr0—anterior
direction in which their body moves and the direction of gravity are of
decisive influence. After determination of the antero-posterior, the dorso-
ventral, and thereby ot the left-right axes, only the distinction between left
and right remains arbitrary, and at this stage no higher symmetry than
the bilateral type can he expected. Factors in the phylogenetic evolution
that tend to introduce inheritable differences between left and right are
likely to he held in check by the advantage an animal derives from the
bilateral formation of its organs of motion, cilia or muscles and limbs: in
case of their asymmetric development a screw-wise instead of a straight-
forward motion would naturally result. This maw help to explain why
our limbs obey the law of symmetry more strictly than our inner organs.
Aristophanes in Plato's Symposium tells a different story of how the tran-
sition from spherical to bilateral symmetry came about. Originally, he

says, man was round, his hack and sides forming a circle. To humble their
pride and might Zeus chit them into two and had Apollo turn their faces
and genitals around: and Zeus had threatened. "If they continue insolent
I will split them again and they shall hop around on a single leg"

The most striking examples of symmetry in the inorganic world are the
crystals. The gaseous and the crystalline are two clear—cut states of matter
which physics finds relatively easy to explain; the states in between these
two extremes, like the fluid and the plastic states, are somewhat less amena-
ble to theory. In the gaseous state molecules move freely around in space
with mutually independent random positions and velocities. In the crystal-
line state atoms oscillate ahoLit positions of equilibrium as if they were
tied to them by elastic strings. These positions of equilibrium form a fixed
regular configuration in space.10... While most of the thirty-two geo-
metrically possible systems of crystal symmetry involve bilateral symmetry,
not all of them do. Where it is not involved we have the possibility of
so-called enantiomorph erwstals which exist in a laevo— and dextro—form.
each Iorni heing t mirror Image ot the other, like let t and right hands. A
uhst:iuce wInch s opt ie:itlv active. t.e. . turns the plane of polarized light
either left or right, can lie expected to er oall e in ucfi ass mmctric forms.
If the iiicsn form exists iii Ilainic one would 5(tIi1e that the dextria-torm
exisH like\ ie. mid it)iit iii thC Ivci1rtC hoth occur with iitiiul frequencies.
In I t—t8 Pa,teur made the discovery that w lien the sodiuni Ii1trnoiULii1i salt
of opticalls inactive raccnhic acid was recrystallized rum iii aqueous
solLitlOit at a tower temperature the deposit consisted of two knids of tiny
crystals which were mirror images or each other. They were carefully
separated, and the acids set tree I rum the one and the other proved to

H) In atr'r l('ciIIrc \VLVI cxpl.iins low tie visible SV)liflletrY of CrySlIllO terivcs
rum their regular atomic arrangement. II).

have the same chemical composition as the racernk- acid, hut one was
optically laevo-active, the other dextro-active. The latter was found to he
identical with the tartaric acid present in fermenting grapes, the other had
never before been observed in nature. "Seldom," saws F. NI. Jaeger in his
lectures On 1/re principle of st'mnoietrv amid itsapplications in natural sci-
e,ice, "has a scientific discovers' had such far-reaching consequences as
this one had."

Qtute obviously some accidents hard to control decide whether at a

spot of the solution a laevo- or dextro-crvstal comes into being: and thus
in agreement with the symmetric and optically inactive character of the
solution as a whole and with the law of chance Lhe amounts of sLibstanee
deposited in the one and the other form at any moment of the process of
crystallization are equal or very nearly equal. On the other hand nature,
in giving us the wonderful gift of grapes SO much enjoyed by Noah, pro-
dLmced only one of the forms, and it remained for Pasteur to produce the
other! This is strange indeed. It is a fact that most of the numerous car-
bonic compounds occur in nature in one, either the laevo- or the dextro-
form only. The sense in which a snail's shell winds is an inheritable
character founded in its genetic constitution, as is the "left heart" and the
winding of the intestinal duct in the species iu'omo sapiens. This does not
exclude that inversions occur, e.g. situs invertus of' the intestines of man
occurs with a frequency of about 0.02 per cent: we shall come back to
that later! Also the deeper chemical constitution of our human body shows
that we have a screw, a screw that is turning the same way in every one
of us. Thus our body contains the dexti-o-rotatory form of glLicose and
laevo-rotatory form of fructose. A horrid manifestation of this genotypical
asymmetry is a metabolic disease called phenylketonuria, leading to in-
sanity, that man contracts when a small quantity of laevo-phenylalanine is

added to his food, while the dextro-form has no such disastrous effects.
To the asvnimetric chemical constitution of living organisms one must
attribute the success of Pasteur's method of isolating the laevo- and dextto-
forms of substances by means of the enzymatic action of bacteria, moulds,
seasts, and the like. Thus he found that an originally inactive solution of
some racemate became gradually laevo—rotatory if Penicilliumn i,'laricumn
was grown in it. (learly the organism selected tor its nutriment that form
of the martarre acid molecule which best suited its own asymmetric eheni—
cal constitution. The image of lock amid key has heen used to illustrate

this specificity ot the action of Organisms.
In view of the facts mentioned and in view of the failure of all at-

tempts to "activate" by mere chemical means optically inactive material.1 1
it is understandable that Pasteur clung to the opinion that the production

There is known today one etea r Inst alice. i hr I eaci iii nt nit rocinnaminacid wiih
bromine where circiilar—potariied tight gcrir'raies in opiicatly active substance.


